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Abstract 

We analyze the construction of a sequence space 0, resp. a se- 
quence of sequence spaces, in order to have {gi}^ as a 6-frame or 
Banach frame for a Banach space X, resp. pre- F- frame or F- frame 
for a Frechet space Xp = n s ^ X s , where {X s } sg N is a sequence of 
Banach spaces. 



1 Introduction 

This paper is closely connected to [24] and we refer to [24] for the back- 
ground material. In order to keep the information about the sources for our 
investigations, we quote the same literature as in [24]. 

Let X be a Banach space (resp. {X s } sS n be a sequence of Banach 
spaces), be a SK-space and {<?j}^i be a 0-Bessel sequence for X (resp. 
for Xq). We have investigated in [24] constructions of a C-B-space 6 (resp. 
a sequence {O s } se N of C-B-spaces), so that given 0-Bessel sequence {gi} ( ^ 1 
is a 0-frame or Banach frame for X with respect to (resp. pre--F-frame 
or F-frame for Xp = n st =^ X s with respect to @f = n s ^ @ s ). 

In this paper we observe that one can actually start with a sequence 
{<7i}iSi> without considering a sequence space and without the assumption 
for {gi}^i to be a 0-Bessel sequence. Our motivation comes from some 
sequences {gi}^i which are not Bessel sequences (and thus [24, Theorem 
4.6] do not apply to them) but they give rise to series expansions (see {gj}^ 1 
and {gf}°Zi i n Example 1.1). 
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Let {gi}^i G (^*) N be given and let there exist {fi}^ G V N \{0} such 
that the following series expansion in X holds 

oo 

/ = X>(/)/i, f€X. (1) 

i=i 

Validity of (1) does not imply that {ft}^ is a Banach frame for X with 
respect to the given sequence space in advance, as one can see in the following 
examples. 

Example 1.1 Let {ei}^L 1 be an orthonormal basis for the Hilbert space H . 
Consider the sequences 

1- {g}}™i :={ei,ei,2e 2 ,3e3,4e 4 ,...}, 

2- {sf}~i ■= {ei,e2,ei,e 3 ,ei,e4,ei,e 5 ,...}. 

Clearly, none of these sequences is a Hilbert frame for H, i.e. none of 
these sequences is a Banach frame for H with respect to £ 2 . However, series 
expansions in H in the form (1) exist via the sequences 

1- {f}}T=i :={ei,0,ie 2 ,ie 3 ,|e4,...}, 

2- {f?}™i :={ei,e2,0,e3,0,e4,0,e 5 ,...}, 
respectively. 

Validity of (1) implies that {gi}^i is a Banach frame for X with respect to 
the C-B-space 9/, defined by 

oo 

©/ : = {{ciK=i : ^Cifi converges in X}, 
i=i 

n 

\\{ci}°Zi\\e f ■= sup || y^CifiWx, 

n . -. 
t=l 

sec [6]. Therefore, the sequences {g}}^ and {gf}°Zi from Example 1.1 are 
Banach frames for H with respect to the corresponding sequence spaces yi , 
0/2, respectively. The definition of the space 0/ involves the use of {fi}^Zi- 
Our aim in this paper is to find properties on {gi}^L 1 so that the se- 
quence space 0, which will be investigated below (see (12)), is a Ci?-space 
and {<?i}?=i is a Banach frame for X with respect to 0. In assertions (3.1)- 
(5.3), we determine such properties on {gi}fZ\- It is not completely answered 
yet whether in general the expansion property (1) with {gi}°Zi and corre- 
sponding {fi}^ implies that is CB and that {gi}^ is a Banach frame 
for X with respect to 0. 
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Now we will describe the results of the present paper. In Theorem 3.1 
we construct 6 such that {5^}°^ is a 0-Bessel sequence for X. Actually, 
in Theorem 3.1 we consider several conditions {Ai)-{A^) in order to char- 
acterize 0-Bessel sequence for X or Banach frame for X with respect to 
0. Further on, we construct a class of Banach frames and pre-F-frames 
started with a Hilbert space and its orthonormal basis. Proposition 4.1 
deals with possible designs of a Banach frame which shows that conditions 
(^4i)-(^,3) are intrinsically related to our construction of 0. Theorem 5.1 
and Corollary 5.2 deal with the construction of sequence spaces S (as 0, 
but with X s , s G No) so that one obtains a pre- F- frame or F- frame for 
Xp = D se fq Q X s . Proposition 5.3 deals with a sequence of Hilbert spaces 
and a sequence {gi}^i designed similarly as in Proposition 4.1, in order to 
analyze conditions (A\ )-(*4§) and the sequence spaces Q s , s G No, so that 
{ffili^i is a pre-F-frame or F-frame for Xp. 

2 Pre- / - and F- frames 

We will use notation and notions as in [24]. (X, || • ||) is a Banach space and 
(X* , || • ||*) is its dual, (0, |||-|||) is a Banach sequence space and (0*, |||-|||*) is 
the dual of 0. Recall that is called solid if the conditions {cj}^ 1 G and 
\di\ < \ci\, i€N, imply that {d t }^ G and HK^JI < HllcJ^JI. If the 
coordinate functionals on are continuous, then is called a BK-space. A 
BK-sp&ce, for which the canonical vectors form a Schauder basis, is called 
a CB -space. 

Let {Y~ s , I • | s } sg N be a sequence of separable Banach spaces such that 
{0} + n s6No y s C . . . C Y 2 C Y 1 C Y (2) 

I • lo < I • |i < I • b < ... (3) 

Yp := n se N () Y s is dense in Y s , for every s E No- (4) 

Then Yp is a Frechet space with the sequence of norms | ■ | s , s G No- We 
use the above sequences in two cases: 

1. Y s = X s with norm || • || s , s G No; 

2. Y s = Q s with norm |||-||| s ,s G No- 

Let {X s , || • || s } se N and {0 S , |||- ||| s }seN be sequences of Banach spaces, 
which satisfy (2)- (4). For fixed s G No, an operator V : Of — > Xp is 
called s-bounded, if there exists a constant K s > such that ||V"{cj}|E :1 || s < 
^s|||{ci}~illl s for all {cij^eQp. If V is s-bounded for every sGN , then 
V is called F-bounded. 
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Definition 2.1 Let {X s , \\ ■ \\ s }seN a be a sequence of Banach spaces which 
satisfies (2)-(4), and let {© s , |||- ||| s }s€N be a sequence of BK -spaces which 
satisfies (2)-(4)- A sequence {gi}°!l 1 £ (X F ) N is called a pre-F -frame for Xp 
with respect to Qf if for every s G No there exist constants < A s < B s < oo 
such that 

{ 9l (f)}r =1 e&F, f€X F , (5) 
^||/||.<|||{ft(/)mil|| - <S.||/||., f€X F . (6) 

The constants B s (resp. A s ), s G No, are called upper (resp. lower) bounds 
for {gi}fZi- The pre-F -frame is called tight, if A s = B s ,sGNo- 

Moreover, if there exists an F -bounded operator V : &f — ► Xp so that 
V ({9i(f)}iZi) = / f or a M f€Xp, then a pre-F -frame {gi}^ is called an F- 
frame (Frechet frame) for Xf with respect to Qf and V is called an F -frame 
operator for {gi}^i- 

When (5) and at least the upper inequality in (6) hold, then {gi}^ =1 is 
called an F-Bessel sequence for Xp with respect to Qf with bounds B s , 
sGN . 

Theorem 2.2 [24] Let Q ^ {0} be a solid BK -space, X ^ {0} be a reflexive 
Banach space and {<7j}^ 1 € (X*) N be a Q-Bessel sequence for X with bound 
B < 1 such that < < 1, iGN. For every c = {q}^ 1 gB, denote 

M c :={f€X : \«\ < \ 9i (f)\, i G N} (7) 

and define 

e:={cee : M c j£ 0} , ||| c |||g:=inf{||/|| : / G M c } . (8) 
Consider the conditions: 
{Ai) : (Vc G 0) (Vd G 6) (V/ G M c ) (V/i G M d ) => 

{3reM c +d) (|| r ||< ll/H + ||/»||). 

(A 2 ): (VcG6) (Ve>0) (3 k G N) (3/gM cW ) (||/|| < e). 
Assume that {A\) is valid. Then the following holds. 

(a) Q is a solid BK-space with |||-|||@ < HHIIg an d {9i}iZi * s a Q-Bessel 
sequence for X with bound B = 1. 

(b) If {gi}fl 1 is a Q-frame for X, then {gi}^i is a Q-frame for X. 

(c) If {gi}^i is a Banach frame for X with respect to Q, then {gi}^ =1 is 
a Banach frame for X with respect to Q . 
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(d) is a CB-space if and only if (A2) holds. 

Theorem 2.3 [24] Let / {0} be a solid BK -space and {X s } s< =fi be a 
sequence of reflexive Banach spaces which satisfies (2)-(4)- Let {gi}^L 1 G 
(Xq) n be a Q-Bessel sequence for Xq with bound B < 1 such that < 
HSill < 1; zGN. For every s£Nq and every c = {cjj^GB, denote 

M^-.= {feX s : \a\ < \ gi (f)\, ien} (9) 

and define 

e s :={ce6 : M s V0}, |||c||| s :=mf{||/|| s :/€M s c }. (10) 
Consider the following conditions: 

(A{) : (Vc G 9 S ) (Vd G S ) (V/ G M s c ) (V/i G M s d ) 
(3rGM s c + rf ) (||r||.<||/||. + ||%). 
(A s 2 ): (VcG© s ) (Ve>0) (3 fcGN) (3 /GAff >) (||/|| s < e). 
(A3) : There exists A s G (0, 1] suc/i that for every f G X s one has 

f£M^ im ^^A s \\f\\ s <\\f\\ s . (11) 

Assume that (A*) holds for every s £ No. Then the following holds. 

(V\) {O s }seN i s a sequence of solid BK -spaces with the properties (2)-(3) 
such that {gi\x s }iLi is a Q s -Bessel sequence for X s with bound B s = 1, 
sGN . 

(V2) For any s G N, {gi\x s }^i is a Q s -frame for X s if and only if (A%) 
holds. If (A3) holds with A s = 1, then {gi\x s } is a tight Q s -frame for 
X s . 

(V3) For any sGN, O s is a CB-space if and only if (_4|) holds. 

3 Construction of a sequence space 

We construct a sequence space 9 and through the properties (Ai)-(As) we 
analyze frame-properties of a given sequence {gi}^i and given X. 
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Theorem 3.1 Let (X, || • ||) ^ {0} be a reflexive Banach space and 

(X*) N \ {0}. For every scalar sequence c = {cj}^ 1? let M c be given by (7) 

and define 

&:={c={c i }°Z 1 : M c / 0} , |||c|||g := inf {||/|| : / G M c } . (12) 

Consider conditions (Ai), (A2) and 

(A3) : there exists A G (0, 1] such that for every f G X one has 

feM^(fm^A\\f\\<\\f\\. 

Assume that (Ai) is fulfilled. Then the following holds. 

(a) is a solid BK-space and {gi}^i is a Q-Bessel sequence for X with 
bound B = 1. 

(b) {gi\i^i is a Q-frame for X if and only if (As) holds if and only if 
there exists a solid BK-space 9 2 9 such that {gi}^i is a Q-frame for X. 

(c) {gi}°^i is a Banach frame for X with respect to if and only if there 
exists a solid BK-space D such that {^j}^ is a Banach frame for X 
with respect to 0. 

(d) is a CB-space if and only if (A2) holds. 

Proof, (a) In the same way as in [24, Theorem 4.6], using („4i) it follows 
that is a linear space and |||-|||q is a norm, only the proof that |||c|||q = 
implies Cj = 0, zGN, is different. Let |||c|||g = 0. Fix i G M. For every e > 0, 
there exists f £ G M c such that ||/ £ || < £/||<7i|| and hence \ci\ < \gi(f £ )\ < £ 
which implies that q = 0. 

For solidity-property, let c = {q}?^ £ and d = {di}?i 1 be such that 
\di\ < \ci\, i€N. Since M d D M c ^ 0, it follows that {d;}^ G and 
IIMIIIe < IIMII§- 

For the completeness of 0, first note that the i-th coordinate functional 
on is continuous. Indeed, fix i G N. If c = {cj}°? =1 G 0, then for every 
/ G M c we have \a\ < \gi{f)\ < \\9i\\\\f\\ and hence 

|c l |<||ftl|mf{||/||:/GM c }=||^||||| C ||| § . (13) 

Let now c u = {c^}^l l ,u G N, be a Cauchy sequence in 0. Fix arbitrary 
e > 0. There exists uq(e) such that for every /j,, v G N, > uq, v > uq, there 
exists f^ v G X, such that 

H/^ll <£ and \c?-c»\<\ gi (mi *€ N. 
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By (13), for every i G N the sequence cf, fGN, is a Cauchy sequence in R and 
hence it converges to some number Cj when i/ — ► oo. Denote c := {cj}^. 
Fix v > vq. Now, in the same way as in [24, Theorem 4.6], there exists 
F v G M c ~ cV with | IF 1 ' 1 1 < e, which implies that c£ 9 and 

IIKci-O^IHe^ll^ll^e, ^>^o- 

For the sake of completeness we add brief sketch of the arguments. Since 
H/^ll < e for every fi > uq, there exists a convergent subsequence {||/' lfc ' I/ ||}fcLi; 
denote its limit by a u . Since X is reflexive and the sequence {f fMk ' u } ( ^ = i is 
norm-bounded, by [1, Corollary 1.6.4] there exists a subsequence {Z^"'"}^! 
which converges weakly to some element F U GX. Therefore, 

< hminf \\f^' u \\ = lim \\f^' u \\ = a v < e. 

n^oo 

Now, for every i€N, |cj -c\\ < \gi{F v )\. Thus, F v belongs to M c ~ c " '. This 
concludes the proof that is complete. 

The O-Bessel property of {gi}^Zi is clear by (12). 

(b)-(c) For the first equivalence in (b), assume that (.A3) holds. In this 
case we have 

A\\f\\ < inf{||/|| : / G JlftaWEi} = \\\{ gi (f)}\\\e, V/ G X, 

and hence, by (a), {5^}°^ is a 0-frame for X. 

Conversely, assume that {gi}^i is a 0-frame for X with lower bound 
A G (0, 1]. In this case for every / G X we have 

AH/11 < Hlfeimille < 11/11, V/€M<*(fl}Ei. 

For the second ^equivalence in (b) and for (c), one of the directions is 
obvious, take = ©.For the other direction, assume that is a solid BK- 
space such that D and is a 0-frame for with upper bound B. 

Let c G 0. For every / G M c , the solidity of implies that HUcjl^HlQ < 
lllfel/mille < B\\f\\. Therefore \\\{a}Zi III© < B\\\{ Cl }? =l |||g- The rest 
is similar to the proof of [24, Theorem 4.6 (b)(c)], but for the sake of com- 
pleteness we add a proof here. Let A denote a lower 0-frame bound for 
the 0-frame { 9i }f =1 . Then clearly, A\\f\\ < \\\q, f€X. This 

implies that {gi}j*L 1 satisfies the lower 0-frame inequality. 

Assume now that {gi}^ is a Banach frame for X and let V : — > 
X denote a bounded operator such that V ({g^f)}^!^ = f, f G X. For 
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every c G 0, ||Vc|| < \\V\\ |||c||| e < B \\V\\ |||c|||g, which implies that V\q is 
bounded on 0. This completes the proof. 

(d) We use the same arguments as in [24, Theorem 4.6], but for the sake 
of completeness we add sketch of the proof. First note that for any z G N, 
gi is not the null functional and hence the i-th canonical vector belongs to 
G. Let (.A2 ) hold. Fix c G and e > 0. There exists fceN such that 
Ill c ^||le < £ - Therefore |||c^|||g < |||c^|||q < e for every n > k, which 
implies that Y17=i Ciei ~ y c m ® as n ~^ 00 • The converse is trivial. □ 

4 Class of 6-frames 

In this section we will consider a class of 0-frames. Actually, we generalize 
[24, Proposition 4.7], in which the sequence {gi}^i was given by g\ = e\, 
gi = ej_i, i G N, i > 1, where {e^}?^ denoted an orthonormal basis. Now 
we consider the case, when every ej, i e N, can be repeted ki -times. 
We will use the following notation related to a sequence c = 

n 

c ( n ) : = {0, . . . ,0,c n+ i,c„ +2 ,c„ +3 ,. . .} = c - ^Qej, n G N, 

c\ n ^:= the i-th coordinate of c^ n \ i G N. 

Proposition 4.1 Xei (X, (•, •)) be a Hilbert space, {ei} c ^ l be an orthonor- 
mal basis for X and 6 = t 2 . Let {g-i}^ G (X*)^ be defined by 

9i(f) :=*i(/,ei), i = 1,2, ... ,/ci, 

&(/) := U(f,ej), i = kj-i + 1, fc,-_i + 2, . . . ,kj, j G N, j > 1, 

where kj G N, i,- G M, tj / 0, j £ N, and Zei 6e defined by (8). Then is 
a CB -space and {gi}j*L 1 is a Banach frame for X with respect to 0. 

Proof. Let c = {q}^ 6 9,(1= {dj}£i G 0. Denote 

/|ci| |c 2 | |c fcl |\ ~ f\di\ \d 2 \ \dkA\ 

iGN,j>l, (15) 
j€N,j>l. (16) 



Cj := max 



dj := max 



|Cfc,_l+l| |%_i+2| |% 



m_i+ii ' m_i+2i ' ' \tkj 

|dfcj_i+l| |^fcj_i+2| Mfej 



l*fej_l+l| ' l*fej_i+2| ' ' |*fc. 
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Fix / G M c and h G M d . By (7), \c t \ < \g t (f)\ and < \ 9i (h)\, i G N. 
Therefore, 

Ci < \{f,ei)\ and d t < \{h, ei )\, i G N. (17) 
Let us find r f> h G M c+d such that ||r-^|| < ||/|| + ||/i||. Consider 

r f' h := ra x e\ + m 2 e 2 + m 3 e 3 + m 4 e 4 + . . . , 

where 

mi " ma H |tl| ' |t2| \t kl \ J' (18) 



l*fc,--l+l| l*fc,-i+2| |*fc,-| 



(,19) 



for j € N, j > 1. By (17), {q}^ G £ 2 and {d;}^ G £ 2 . Since m; < c; + di, 
i G N, it follows that {m i }°l l G ^ 2 and hence, r-f' h G X. It is clear that 

\ci + di\ < t i m 1 = t i {r f > h ,e 1 ) = gi(r f ' h ), i = 1, 2, . . . , k lt 

\ci + di\ < Unij =ti(r f ' h ,ej) = gi(r f ' h ), i = k j - 1 + l,k j - 1 + 2, . . . ,kj, 

for j G N, j > 1. Therefore, r ^ h eM c+d . Using the facts that rrij < c,- + <ij, 
^ 2 is solid and (17) holds, we obtain that 

\\r f ' h \\ = \\{m 1 ,m 2 ,m 3 ,...}\\ e 2 

< \\{ci + di,C2 + d2,c 3 + d 3 , . . 

< \\{ci,c 2 ,c 3 , . . + \\{di,d 2 ,d 3 , . . 

< HKf^i^y + \\{\{h,e i )\}r =1 y = ii/n + 

Therefore, (Ai) is fulfilled. 

Let us now prove that (.A3) is fulfilled. Consider /el and take arbitrary 
/ G M ^(/)}gi, i.e. \ 9i (f)\ < \ 9i (f)\,i G N, and hence \(f,e t )\ < \(f,e t )\, 
i G N. Then 

00 00 

ll/f = El</,ei>| 2 <El</,Ci>| 2 = 11/112- 
i=i i=i 

Therefore (A3) holds with A s = 1. 

Consider now c = G 0. Then {c i }^ 1 G ^ 2 . Fix e > and find 

00 - 

i=p 1 

{bi}™i ■= {0, ... ,0,^,2^+1,^+2,...}. 



p<EN,p> 1, such that YhL v c ? < e - Defme 
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Since {bi}^ G £ 2 , there exists heX such that fej = (h,ei), i e N, and 
ll^ll 2 = £ ? =i = TT= P ^i < e - Take k ■■= Vi and recall, 

c (fe) = {0^^0,c fep _ 1+ i,c fep _ 1+2 ,---,c fcp ,c fcp+ i,...}. 

fcp — 1 

Thus we have 

\4 k) \ = 0<\ 9l (h)\, i = l,2,...,fcp_i, 

|cf ^ < c p+n = 6 p+n = (/i, e p+n ) = gi(h), i = k p+n -i + 1, . . . , k p+n , n G N , 

which implies that h G M c(k) . Since ||/i|| 2 < e, it follows that (_4 2 ) is fulfilled. 
Now Theorem 3.1 implies that 6 is a C-B-space and {gi}^ is a O-frame 
for X. 

It remains to prove the existence of a Banach-frame operator. Let us 
denote the canonical basis for by Z{, i G N. Consider 

{fi}?=i ■= {^ei, , -i-e 2 ,(V^0 , —L- e3 , (^^0 , . . . .} (20) 

fcl— 1 fe2 — 1 ^3 — 1 

Define V on {zj}?^ by Vzi := /j, t £ N. Our aim is to prove that V 
is bounded on {zi}^ zl and then to consider the extension of V on O by 
linearity and continuity. Let us first prove that = 1/||^||*, i G N. 

Define 

fH(f):=U u i= 1,2,..., fci, (21) 
h i {f):=-e j , i = k j - 1 + l,k j -i + 2,...,k j , j €N,j > 1. (22) 



Fix i E N and note that /i G M 2i if and only if 1 < \gi(h)\. Thus, the 
elements h G AP 1 should satisfy the inequality \\h\\ > jj^jj*- Since hi G M 2t 
and \\hi\\ = y^jjr, it follows that 

= inf{|H|x : h€X,l< \ 9i (h)\} 



lift 

Therefore, 

HT/^.ll — II /.II <r — IIU.II |( 



\Vzi\\ = \\fi\\ < ---- = Hlzilllg, i G N, 

1 1 Si 1 1 



which implies that V is bounded on {zi} c £L l . Since is CB, extend V on 
by linearity and continuity. For every / G X we have {fl'i(/)}^ 1 G and 
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V{{g t {f)}? =l = V{YZi9iU)zi) = EZi9i(f)fi = f, which concludes the 
proof that {gi}^± is a Banach frame for X with respect to 0. □ 

The sequences {gj} and {gf} from Example 1.1 give series expansion. 
These sequences are neither Hilbert frames, nor Hilbert Bessel sequences. 
Thus the existence of the series expansions do not follow neither from the 
Hilbert frame expansions, nor from [24, Proposition 4.7] (which applies to 
Bessel sequences). Note that Proposition 4.1 applies to {gj} and {gf} - 
these two sequences are Banach frames with respect to the corresponding 
space 0, given by (8), and is CB. 

5 Construction of 6^ and a class of F-frames 

In the next theorem we extend the construction of of Theorem 3.1 to the 
construction of Op = D S ^ Q S . The proof goes in the same way as in [24, 
Theorem 4.8], applying Theorem 3.1 to X = X s and {gi\x s }iZi- 

Theorem 5.1 Let {X s } s ^fq be a sequence of reflexive Banach spaces which 
satisfies (2)-(4) and let {gi}^ <E (X*) N \ {0}. For every sGN and every 
scalar sequence c = let M£ be given by (9) and define 

e s :={c={c t }Zi ■■ M s V0}, ||| C ||| s :=inf{||/|| s :/GM s c }. (23) 

Assume that (AD holds for every s G No- Then (Vi) — (V3) hold. 

Direct consequences of Theorem 5.1 are given in the next corollary. 

Corollary 5.2 Let the assumptions of Theorem 5.1 hold. Then the follow- 
ing holds. 

(a) // (_4f) and (A2) are satisfied for every s € No, then {@ s } sG ^ is a 
sequence of solid CB-spaces with the properties (2)-(4) such that {gi\x F } c ^Li 
is an F -Bessel sequence for Xp with respect to Of. 

(b) // (Al), (A2) and (_4|) are satisfied for every s <G No, then {gi\x F }^i 
is a pre-F -frame for Xp with respect to @f- 

The next proposition generalizes [24, Proposition 4.10]. With this we 
construct a class of F-frames. 

Proposition 5.3 Let (Xq, (•, -)o) be a Hilbert space and let {ei}^ denote 
an orthonormal basis for Xq. For given number sequences {ai jS }°^ 1 , sGN, 
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with 1 < di tS < a,i )S+ i, iGN, sGN, define 

oo 

X s :={feX : K^/.e^^ef 2 }, (/, h) s := £ a? fl (/, ei> <e^) . 

i=i 

Lei 9 = ^ 2 and {ftj^G (X *) N 6e de/med 6y 
&(/) : = k(f,ei)o, i = 1,2, . . . , fei, 

&(/) : = U(f,ej)o, i = kj-i + l,^_i + 2, . . j G N, j > 1, 

where kj G N, £j G R, 7^ 0, j G N. T/ien {X s } sg ^ is a sequence of Hilbert 
spaces, which satisfies (2)-(4); {G s } se N 7 constructed by (23), is a sequence 
of CB -spaces, which satisfies (2)-(4) and {gi\x F }iZi is a tight F-frame for 
Xp with respect to @f- 

Proof. In the same way as in [24, Proposition 4.10], it is not difficult to 
see that {X s } s6 n is a sequence of Hilbert spaces, which satisfies (2)-(4) and 
such that for every s G N, the sequence {ej/ai s}£^i is an orthonormal basis 
for X s . Denote Zi :S := ej/aj iS , i G N, s G N 

Let us now show that (a\) is fulfilled. Take cGG s , deO s , /GM S C , heM$. 
Define q, d>, i G N, by (14)-(16). By (9), \a\ < \ 9i (f)\ and \d t \ < \ 9i (h)\, 
i G N. Therefore, |q| < |(/,ej)o|, iGN, and 

00 00 00 

J2 a l$ <J2 a l\(f,ei) \ 2 = k/.*>.i 2 = 11/112 < °°> 

j=l i=l i=l 

which implies that 

00 00 

^ a !,sCj+i < 00; similarly, ^af^d^ < 00. (24) 
i=i i=i 

Let us find G M s c+d such that Hr^Hs < ||/|| s + ||/i|| s . Consider 

r^ h := miei + m 2 e 2 + m 3 e 3 + m 4 e 4 + . . . , 

where m,, i € N, are given by (18) and (19). Since rrii < Ci + di, (24) implies 
that {mjaj jS }^ 1 G £ 2 and hence, the element 

r f' h ■= m l ai tS z 1 + m 2 a2, s z 2 + m 3 a 3)S ;z3 + • • • (25) 

belongs to X s . 
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By definition, we have 

(/, Zi ) s = a i:S (/, e;} , f€X a , t£M. (26) 
Now it is clear that for i = 1, 2, . . . , k\, 

h + d i \<t i m l = — (r f ' h , Zl ) s = U (r f ' h , ei } = 9i(r f ' h ), 

and for i = kj-i + 1, + 2, . . . , fcj, j G N, j > 1, 

|cj + di| < ti m, = — (r^, z,), = U (r f ' h , ej ) = gi(r f > h ). 

a j,s 

This implies that r*' h G M c+c( . In a similar way as in Proposition 4.1 we 
obtain that 

\\r f ' h \\ s = ||{miai ;S , m 2 a 2 , s , m 3 a 3 , s , .. 

< ||{ a i,sCi + ai jS di,a 2 , s C2 + a 2;S d 2 , a 3)S c 3 + a 3;S d 3 , . . .}|| 

< || {ai, s ci, a 2 , s c 2 , a 3 , s c 3 , . . .}||^ 2 
+ |||ai, s di,a 2)S d 2 ,a 3jS d 3 , . . .}|| 

< ||{ a M(/> e *)o}^i||^2 + ||{aM(^ e j)o}~i||^2 

= ll{(/,^) s }£ill, 2 + ||{<fc,*>.}£ill* = 11/11- + 
Let us now prove that (^l|) is fulfilled. Consider f£X s and take arbitrary 

M j 9i(/)} *=\ i.e. \ 9i (f)\< 
i G N. Using (26), we obtain 



/ G M ^(/)}gi ; Le _ < G N> and hence K/;e . )o | < | (/)6 . )o 



oo oo 

I = J2 a l \(f,e t )o\ 2 <J2 a l\(f,ei)o\ 2 = 11/11*- 
i=i i=i 

Therefore (^f) holds with A s = 1. 

Take now c = {ci, c 2 , c 3 , . . .} G 9 S . Fix e > and by (24), find p G N, 
p > 1, such that Ei=fc a f s^« 2 < e - Define 

{Mi=i := { 0, .^,0 , a P ,sC p , a p+ i jS c p+ i, a p+ 2 ; sCp+2, ■ ■ ■}■ 
p-i 

Since {&i}i=i G there exists h£X s such that b\ = (h,Zi) s , i G N, and 
12 - £*=i = E l = P « 2 s 2f < £■ Take fc := fc p _i and recall, 

C (fe) = {0^^0,Cfc p _ 1+ i,Cfc p _ 1+ 2,...,Cfe p ,C fcp+ i,...}. 

fcp — 1 
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Thus, for i = 1, 2, . . . , k p -i, 



\4 K, \ = o<\ 9i (h)\ 

and for i = k p+n -i + 1, . . . , fc p+n , n G N , 

|c- '| < c p+n = = ^ = (/i, e p+n ) = 

%>+l,s %j+ra,s 

This implies that h G M s c( *°. Since ||/i|j 2 < e, it follows that (A s 2 ) is fulfilled. 
Now Corollary 5.2 implies that {gi\x F }^\ is a tight pre-F-frame for Xp 
with respect to 6j?. 

It remains to prove the existence of an F-frame operator. Denote the 
canonical vectors by Zi, i G N, and note that they form a basis for in the 
sense that every G @f cab be written as {ci}^*L 1 = Yli^=i c i z i with 

the convergence in s -norm for every s G No- Let and be 

given by (20)- (22). Note that G X F , h { G X F , i G N. Define V on {zi}^ 
by := /j, i G N. Our aim is to prove that for every s G No, V is s- 
bounded on {zi}°l 1 . Fix s G No- Let us first prove that |||2i||| s = l/||5j|x s 
i G N. Fix i G N and note that h G Mp if and only if 1 < \gi(h)\. Thus, 
the elements h G M,f l should satisfy the inequality II /ill s > m i 1 f . Since 

G M^ 1 and ||/^|| 5 = n i 1 p , it follows that 

l|yi |x s lis 

|||^||| s = inf{||% : h€X„l<\ gi (h)\}= 1 . 

llfikJH 

Therefore, 

ll^ll. = ll/ills < Ti — i — ^ = IH^IL' * G N ' 

lift |X S lis 

which implies that V is s-bounded on Let V, : Q s — ► X s denote the 

extension of V on S by linearity and continuity. Note that Vb|e F = K|e F > 
s G N. For every c = {ci} c *l l G 0_f, the sequence {X^=i c «/j}^i converges 
in X s -norm (to V s c) for every s G No- Thus, {X]ILi c i/«}^i converges in Xf. 
Therefore, Voje F is an F-bounded operator from Op into Xp. Let s G No- 
For every / G Xp, Y%=i9i(f)fi ~> / in II • || s -norm and Yli=i9i{f)fi = 
V s(YA=i9i(f)zi) -> ^s({ft(/)}~i) in || • || s -norm as n ^ oo. Since this 
holds for every s G N, we have that Vb|e F ({9i(/)}~i) = /, / G -^F- This 
concludes the proof that Vo|e F is an F-frame operator for {5^}°^. □ 
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